Tnlegers madolo n
J

From lost $ime: For nelN and Q,beﬂ—/ we  define
a=b med n &> anla-b.
. Et\pu\i\‘:’ modvlo n is an equiv alence celation on 7.

* A completc set of  dishinet

— (residve c\asses)
e«u‘\\ta\cv\ce classes s

ﬂ'/nl = {6/], —ij s ) ﬂ—:—\'} .
KN\Q.J a\<0 s'mP\j write >
W‘/n‘ﬂ_"" {0/ ll 7,/ c=- ) 1\—\'3

Two ’Dinm\\) oeerq’rions on —ZL/r\'H_'-

- Rddition: YobeZ,
3+5 = a<b
. \T\\)\\"\Q\'\CA\"OV\‘- Valbel/

3-b = ab



Fiest akue,shons-.
« Bce Mnese b‘\f\mj o?m\-tov\s well defmed 7
e Acc the definitions independent of
the choices of representatives  for
the. equivalonce classes mad N
TE 3=3, and _‘DI=T>,_/ do
Ot b, = a kb, and  wEH =5 7
- What  addiviona) peaperties do \’\MJ howe ¢
Ts Q"Z/—/n‘a.,-ﬂ o jNV\P?
Ts (’TL/n‘n_,W o jWU‘P?



Addition modulo n (Volbe'ﬂ_j 5+ = ';T\,)

e (Jell- defined

Suppase  aa., b, b €7, T=a, ond Bi=b, . Then
a=08, Mmedn = ala-a, = a-a.=nk  for some ke,
beb, med n = nlbi-b, =2 bi-b = nl for some 2¢7 }

= g b, = (a tnk )+ (b, + nl) = a.tb, + n(k+l)

= n\(Q\*b\)‘(qz'\‘va = 04b,= aitbe med n
( aa4b, = %*"z)

¢ (lln'ﬂ_/"‘) is a Jrou\o:
Asscc'\qsﬁ\l'\‘rj: Ve

(assoc. in (ZL,+))
(A4B)* T = oxb + T = (ath)ec = gel(brc) = a*x bee =a+t (H+7T)

—LJ%V\\"\\‘J =0 /

‘dqe'ﬂ_/ 3€0= at0 = Q = Ota = O+a.

Trvese of @ s T@a (=%)
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For\"f\CA‘NfC/ (1[[\1,’(‘) i

- Pbelian
. Ojc\ic.: (’\'7’-{'\'*-»-\-'(' “ke | = {6/ T,"ZT,.../ ?T-TK = L\,
k-Fimes
(1/“71_ == C.\)
Qubtragtion medulo w:

=

a-b = 3+(-3)= 0+ = ax (L) = o-b.



Mutiplication medule n  (YobeZ, 3% -=35)
+Well- defined:
SU\)quQ_ 0\, qu b;, bg, € -l/ -6-\7’ a-(/ Ond ’b-|=—b—z . T\\Cf\

Q-G = nk O.i\d‘ b\"b;’ hl For some \C,L € l/ o
a,b, = (a,+nk) b+ nl) = 0 bt aenl+ bonke ntk L
=abo* nl o, Le bkt nk L)

= '\\ Q\bt" QL¥L = Q\\)! = a¢be .

No\q\'ior\q\ LOVNCV\\'NV\‘. \:J\\ém NO\‘\CU\J in l/nﬂ_/ a=Q .

-Ts (Lo, ) @ qrovp 7 (no 3§ nz2)
Associativi by
'Ld&n‘rﬁj= \
al = lo=a.
Toverses © X / (if nz2)
{a€ 17—/«(/1,/ O'a =0 # |\
To fix ¥hig, define
(’Z—/nﬂ_\: ={aeZ/0z: AbeZinz s}. ab=| med n ]

\?Mm\\vc fes)due classes mod n)




T\r\iuﬂs bo note:
"L o, a.€ (Ll )™ Ynen 3b 5. €7
Sy ab =\ md n end aberl wmad i,
Thaen  (acag) (\>\\>J=(0‘\>\) (%&%)"' A=\ wad n
= 43¢ Kl/n'ﬂ—)x-
o soltigication, testiicked to (Z/nz)',
s a4 binaf o?ero&‘\ow

: “—a‘/'\’ﬂ—)x/') is an  Abelian Jnu?:

Assoch\'\v\\J / C oyt o\h\,ﬁj /
TJ\M\Y&J /

1121 md n = 1e(Z/n)
Lenerses

Lt oek—ﬂ—/nﬂ)x Won A5 /. s ab=) medn.
E:) sc\}wwhj of the d,o?'w\'\\\ovx/ be (2 ) .
Noktariona)l Conven Flons:

Ly = (T, ) (oMt groop 4’)
’ '\‘\\CjﬂS module

(1/t\'ly= QKT‘/V\'ZLY/ ) M\J\HP\‘\CQ\"VC j(oup O'F')
'm\cjm module



Exs: ) =%, Lfz7 = to,\, 1, 3,4 5,6, 7]
(Zis2)" = 11\,3,5,% 75
Sceatch work:
- Tf  Tb=| rmed §  then  Th-\=3g%
=\=7Tb-8k =2(b-Yn) =2\ «x
Thece fove Ui@’/XTLY.
Siwilorly, 0,46¢ Z 5z
L 11=33:35237=1 wmd g = \,3,5,7¢(%/g2)
G\‘OUP shructure:
\(Hs)\ =4 = (Li32)" = Cy or Vy
AN elomunic of e jm\p S qume to L, se
F 38 oY e There fose (Z/32) 2 Ny .



v) a2, LAZ = {0\, 1,3, 4, 5,6 7,83
(Zlan)" = i\)tlL\,S/ 7'15'3
Sceateh  work:
- Supeesed= 3c.<\ ()71 . T ob=) wad 4
Fhon ab-1= Ak = 1= ab-qk = 4 ({ d)b ( Iy
= 4\ (contradic Fon). (m\ejﬂs)
Therefore 0,36 ¢ (Haz ).
*\\= 1T S=4F=F &= pmudn
= \[,4)5, %36 (Z/ag)
Group <hrockovet
(2l ) =6 = (Zlaz) 2 Cfy o Dy .
Sirce. CZ’/ ‘\’ﬂ_)x is Abelian ) (Z—/q'zj_)x =z C,.
Find  « ‘jeﬂ\u‘m\or: (Z—/o\'p_)x ={1)
L=\ «

U=t =y, R, U= =5, =

o
| "‘? -2 PTL, 4 \—,;L'? -3



Mre  alout Ql/n'l_)x : (nz2)
A ) = {1catnn jc,d.(,a,vﬂ:\?
Pf: Lek Ogagny  write d= (an).
Suppose. 42\ TE IbeZ <& od=l madn
v nlab~\ = ab-\=nk $or sz ke7..
Thon 1= ob-nk= d((3)b- ()
= 4\l (owiradic Bon) .
Twclore o€ CZL/“—H_)" :
Svppete d=\. EJ Rézout's lewwv\q/
AbkeZ st. abtrnk=d=\ .
Then nl ab-l == b=\ mad n
=ac(Zhz) n
* Fast Qlaor‘\\‘\/\w\ For oom‘w\"w\j ™ vl N
won (o) =) 0 (Reverse Euclidean qum\rhn)
Ex: Lebr n=lol (\w‘\w\z)/ =4S .
lol= Z- 45 + \\ T 1= 95-4-(101- 245 ) = 445 -4 -10]

45=- 1+ \ = 45 =41\

o= -

y4

Se; 12145 med 100 =2 UST' =9 wmaed f0).



- Diwvision maedulo o Suffo% a,\beﬂ_.
Ts b o sewhon xeZ to Y
@\um\"\o‘!\ ax=b mod n ¢
LE (12l M Foke x=07'b mud n,
ard  ax= oo™ =(aa) b=b rud n.
-TE Q= (alt\\ 2\
IxeZ. <&, ax=H wudn
& Jxel kel sXx. oax=btnk
& Txke?. s ax—nk=b
< 4| b.

~ ‘Se"—oo‘\\s TN Y
TF a\b then anu sowBon to ax=H

mus’ m*?&‘;\xj Q%)x— (%)\c = % )

and  since (%) %)-;\ e have

Pl  x= K%)“.% ol QD&) .



Thm: TE ne N ond abeZ then the
e,ctua\%m ax=hb med n ket a sewtion
xeZ it ord only Tf dF-La,\r\)\b.
Forthermare ¥ A\b and XET s
\V\\(,jor m\'\s{:jinﬂ Ko™ %Y\ ({—Q Mg Q‘S\— )
o e s of ol seWMons s

vt (3 keZ .

Ex: Determing Yo seb of all seVls xeZ. to

Yhe @\U“-HO‘\ WSX=61 med 667



1/ (gfcm—%‘t—mﬁkv\vvs\)

JAJ.%._CQ\;\C. and divide l;j

(63= 5115 + 7 29=5S+7%
no= | -41+ 7% = S=1-T«)
Q=4 - 173 =41
[Mn 0. Y\ne CeNLARE E,UQ- Q.“?
4:=5S+7% r 1=25-1(12-5S)=65 - 19
S=1-%+) l=S-1-5
v 1=4"1

Thas 3\\wg 6-S=) pod A =S 20 eed 749,

Thon XGZS—\‘S: \¥  wmad M/x so Yhe

et o o\l selutlopng i<

{ <k 71 :%eZ






